The charge transport of a serially coupled quantum dots (SCQD) connected to the metallic electrodes is theoretically investigated in the Coulomb blockade regime. A closed-form expression for the tunneling current of SCQD in the weak interdot hopping limit is obtained by solving an extended two-site Hubbard model via the Green's function method. We use this expression to investigate spin current rectification, negative differential conductance, and coherent tunneling in the nonlinear response regime. The current rectification arising from the space symmetry breaking of SCQD is suppressed by increasing temperature. The calculation of SCQD is extended to the case of multiple parallel SCQDs for studying the charge ratchet effect and SCQD with multiple levels. In the linear response regime, the functionalities of spin filter and low-temperature current filter are demonstrated to coexist in this system. It is further demonstrated that two-electron spin singlet and triplet states can be readily resolved from the measurement of Seebeck coefficient rather than that of electrical conductance.
The charge transport of a serially coupled quantum dots (SCQD) connected to the metallic electrodes is theoretically investigated in the Coulomb blockade regime. A closed-form expression for the tunneling current of SCQD in the weak interdot hopping limit is obtained by solving an extended two-site Hubbard model via the Green's function method. We use this expression to investigate spin current rectification, negative differential conductance, and coherent tunneling in the nonlinear response regime. The current rectification arising from the space symmetry breaking of SCQD is suppressed by increasing temperature. The calculation of SCQD is extended to the case of multiple parallel SCQDs for studying the charge ratchet effect and SCQD with multiple levels. In the linear response regime, the functionalities of spin filter and low-temperature current filter are demonstrated to coexist in this system. It is further demonstrated that two-electron spin singlet and triplet states can be readily resolved from the measurement of Seebeck coefficient rather than that of electrical conductance.
I. INTRODUCTION
Tunneling current through individual quantum dots (QDs) with discrete levels exhibits a kaleidoscope of interesting physics such as the Kondo effect, Fano resonance, and Coulomb blockade. 1 Recently, a serially coupled quantum-dot (SCQD) system (the simplest artificial molecule) was proposed as a spin filter based on the spin-blockade process for application in spintronics and quantum computing.
2−4 The transport properties of the SCQD in the Coulomb blockade regime include current rectification, 2−4 negative differential conductance (NDC), 2−4 nonthermal broadening of electrical conductance, 5, 6 and coherent tunneling for the SCQD with degenerate energy levels (quantum dot "helium"). 6 Many theoretical efforts have been devoted to studying them. 7−18 Nevertheless, there still lacks a comprehensive theory to explain these phenomena in a systematic way. 19 The early studies of SCQD focused on the coherent transport behavior without spin dependence.
9,10
For the application of spintronics and experimental observations of spin-dependent tunneling current, the current rectification arising from the Pauli spin blockade and NDC were theoretically studied by several groups.
11−14
The transport properties of SCQD embedded in a matrix connected to ferromagnetic electrodes were also studied. 15−18 However, theoretical study of the nonthermal broadening of electrical conductance of SCQD in the presence of electron Coulomb interactions has not been reported.
Using the Green's function (GF) technique we have solved an extended Hubbard model, which includes the interdot Coulomb interactions as well as intradot Coulomb interactions for a coupled quantum dot system, in the weak interdot hopping strength limit. The derived closed-form solution for the transmission factor has eight spin-charge configurations and 16 resonant channels. With this theory we can provide quantitative analysis for current rectification arising from coherent tunneling with spin blockade, NDC, and nonthermal broadening effect of tunneling current resulting from the offresonant energy levels. All our predictions are in good agreement with available experimental data. 2−6 In addition, we demonstrate that the SCQD junction system can be used as a low-temperature current filter and spin filter simultaneously.
To depict the charge ratchet effect arising from other QDs surrounding the SCQD 20 and the case of SCQD with multiple levels (such as the Si-based SCQD, where the multi-valleyed nature of Si gives rise to closely-spaced energy levels in each Si QD, 21, 22 , we extend our calculation to a four-level Anderson model by using a simple and physical picture. Unlike GaAs QD system with large nuclear and electron spin interactions, 2 Si QDs have longer electron spin coherent time, which is an important consideration for quantum computing. Owing to traps and impurities of Si QDs and their multi-valleyed characteristics 21, 22 , we need to consider a Hamiltonian beyond the two-level Anderson model. However, based on the conventional theoretical framework, 1 it is complicated to deal with carrier transport properties of multiple QDs. In this paper, we propose a new and comparatively easy approach, which allows us to derive a closed form solution of tunneling current for arbitrary QD numbers in the limit of weak interdot hopping strength. Based on this closed-form expression of tunneling current, we can fully analyze the tunneling current spectrum of multiple-SCQD system.
Recently, many theoretical efforts have been devoted to the studies of thermoelectric properties of QDs in quest of highly efficient thermoelectrical materials. 23−27 However, these studies have focused only on the thermoelectrical properties of a single QD 23, 26 or parallel QDs. 24, 27 To reduce the temperature gradient across the QD junction, it is essential to study the case of N coupled QDs in serial. In this paper, we also investigate the thermoelectric effect of SCQD. We find that the Seebeck coefficient is much larger in the spatially symmetric SCQD than the spatially asymmetric SCQD. Furthermore, we find that the measurement of Seebeck coefficient provides an alternative means to distinguish the spin singlet and triplet states in the linear response regime.
II. FORMALISM
The inset of Fig. 1 illustrates the model system of concern, showing a serially coupled quantum dots connected to metallic electrodes. The electron Hamiltonian can be described by a two-level Anderson model:
where
is the transmission factor. Γ ℓ=L,R (ǫ) denote the tunnel rates from the left electrode to dot A and from the right electrode to dot B, respectively.
denotes the Fermi distribution function for the left (right) electrode. The chemical potential difference between these two electrodes is related to µ L − µ R = e∆V a . T L(R) denotes the equilibrium temperature of the left (right)
electrode. e and h denote the electron charge and Plank's constant, respectively. For simplicity, we consider the wide-band limit: Γ ℓ (ǫ) = Γ ℓ . The"resonant function" A ℓ,j of the transmission factor can be calculated by the on-site retarded Green's function (G r ℓ,ℓ (ǫ)) and the lesser Green's function (G < ℓ,ℓ (ǫ)) (see Appendix). After straightforward algebra, we obtain an expression for the resonant function
where the denominators for the eight configurations are:
12 with both dots empty, (ii)
, with dot ℓ empty and dot j filled by one electron with spinσ, (iii)
12 with dot ℓ empty and dot j filled by one electron with spin σ, (iv)
with dot ℓ is empty and dot j filled by two electrons,
12 with dot j empty and dot ℓ filled by one electron with spinσ, (vi)
12 with both dots filled by one electron with spinσ, (vii)
12 with dot ℓ filled by one electron with spinσ and dot j filled by one electron with spin σ, and (viii)
12 with dot ℓ filled by one electron with spinσ and dot j filled by two electrons. µ ℓ = ǫ − E ℓ + iΓ ℓ /2. The numerators p m 's denote the probability factors for various sin-charge configurations. They are
, and p 8 = N ℓ,σ c j (σ denotes the opposite of σ), where N ℓ,σ and c ℓ denote the thermally averaged one-particle occupation number and two-particle correlation function, respectively. They can be obtained by
where G < ℓ,ℓ (ǫ) and G
2,<
ℓ,ℓ (ǫ) denote, respectively, the onsite one-particle and two-particle lesser Green's functions, which can be calculated by the equation-of-motion method.
The expression of Eq. (3) is valid in the Coulomb blockade regime, but not in the Kondo regime, because we did not take into account the effect of electron Coulomb interaction on the tunneling rate (Γ ℓ ) which arises from the coupling between the electrodes and the QD. Eq. (3), also valid in the limit of t 12 /U ≪ 1, is correct up to the second order in t 12 . This is sufficient for our analysis of weakly coupled dot, since in the SCQD system the value of hopping strength t 12 is much smaller than all the other energy scales. When t 12 /Γ ℓ ≪ 1, we can safely neglect in the lesser Green's functions the corrections coming from the neighboring dot. Eqs. (4) and (5) can then be rewritten in terms of the on-site retarded Green's functions: .17) . They are solved self-consistently. We find that the resonant channels of A ℓ,j are related to the off-diagonal one-particle Green's function, which is given by
To study thermoelectric properties in the linear response regime, we rewrite Eq. (2) as
where ∆T = T L − T R > 0 is the temperature difference between two electrodes. Coefficients in Eq. (7) are given by
Here T (ǫ) and f (ǫ) = 1/[e (ǫ−EF )/kB T +1] are evaluated at thermal equilibrium. If the system is in an open circuit, the electrochemical potential (∆V ) will be established in response to a temperature gradient; this electrochemical potential is known as the Seebeck voltage. The Seebeck coefficient is defined as S = ∆V /∆T = −L 12 /L 11 , where L 11 denotes the electrical conductance G e .
III. RESULTS AND DISCUSSIONS

A. Current rectification and NDC
To calculate the tunneling current of SCQD, we adopt the following physical parameters: U ℓ = 30Γ 0 , U 12 = 10Γ 0 , and E 1 = E F − 10Γ 0 , where Γ 0 is a convenient energy unit. To simplify analysis, we ignore the magnitude fluctuation of on-site Coulomb interactions and take U ℓ = U 0 = 30Γ 0 . The energy level of dot 2 (E 2 ) is tunable. η 1(2) e∆V a is employed to describe the energy shift arising from the applied voltage ∆V a across the junction.
2
That means that E ℓ is replaced by E ℓ + η ℓ e∆V a , assuming the right lead is grounded. Although the factor η ℓ depends on the QD shape, material dielectric constant, and location, we assume that η ℓ is determined by the QD location, that is, η ℓ = L ℓ /L, where L ℓ is distance between the grounded electrode and the ℓth QD, and L is the separation between the left electrode and the right electrode. We assume η 1 = 0.6 and η 2 = 0.4. This energy level shift arising from the applied bias as observed in the experiment of Ref. 2 has been ignored by most theoretical studies of SCQD.
8−17
When the value of orbital offset ∆E = E 1 −E 2 is taken to be U 2 − U 12 at e∆V a = 0, this would satisfy a resonant tunneling condition through the spin-singlet channel [the second channel of Eq. (3)]. It is very difficult to set up SCQD in the resonant condition of E 1 + U 12 = E 2 + U 2 from experimental point of view, 2 because fluctuation of QD size and uncertainty of its location are hard to avoid in the self-assembled semiconductor SCQD.
2 To reveal the behavior of SCQD in the off-resonance condition, we show the tunneling current as a function of applied bias for different strengths of interdot Coulomb interactions in Fig. 1 . The dashed lines with triangle marks are calculated by including only the resonant function for the resonant channel, i.e.
This resonant function has two poles
we have E ± = E F + iΓ ± t 12 at zero bias (∆V a = 0). Bonding and antibonding states are formed due to the coupling of QDs (t 12 ). We see that the dashed line matches very well with the black solid line (obtained with the full calculation) in small bias regime. This indicates that the tunneling current is mainly contributed by the spin-singlet resonant channel while the spin-triplet channel is fully suppressed. However, we find appreciable leakage current(J l ) at high bias due to contribution through other channels. For U 12 = 10Γ 0 , the tunneling current in the reverse bias is seriously suppressed. The maximum current in the forward bias is shifted to higher bias. Such behaviors are attributed to the fact that ǫ = E 1 + U 12 is below ǫ = E 2 + U 2 in the absence of applied bias and for negligible t 12 . The agreement between the dashed line with triangle marks and the solid line becomes worse when U 12 = 6Γ 0 . The results of Fig. 1 imply that deviating from the resonant condition of E 1 + U 12 = E 2 + U 2 will suppress the Pauli spin blockade for electron transport in SCQD, which plays a significant role in the application of spin filter. 11−14 When the resonant condition is met, the maximum current at a voltage marked by V R,max (at reverse bias) is larger than that marked by V F,max (at forward bias), their ratio is J R,max /J F,max ≈ 2. This is in quantitative agreement with experimental results reported in Ref. 2 . Note that the ratio between such two maximum currents was reported and analyzed in Ref. 11 . Figure 2 shows the tunneling current as a function of applied bias for different temperatures with (a) Fig.  2 , we see that the current rectification of SCQD arises from the symmetry breaking of the carrier transport process due to spin blockade. This mechanism was already illustrated using the master equation method in Ref. 11 . We found that the ratio of reverse to forward bias maximum current (J R,max /J F,max ) depends on temperature. J R,max /J F,max is 2.1, 1.89, and 1.74 for k B T = 1Γ, k B T = 1.5Γ 0 and k B T = 2Γ 0 , respectively, and the maximum forward (reverse) current occurs at e∆V a = 2.8Γ 0 , 3.4Γ 0 , and 3.6Γ 0 (e∆V a = −4.4Γ 0 , −5Γ 0 , and −5.4Γ 0 ). So far, such temperature-dependent current rectification effects have not been reported experimentally and theoretically.
In Fig. 2 , we also notice a negative differential conductance (NDC) behavior. NDC occurs when the applied bias is larger than V F,max (V R,max ) in the forward (reverse) bias regime. This NDC is attributed to the offresonance behavior of QD energy levels, which can be tuned by the applied bias (e∆V a ). Therefore, it is expected that NDC can still be observed in the absence of interdot Coulomb interactions. Such a NDC behavior is similar to the case of serially coupled quantum well, but different from the case with interdot Coulomb interactions.
14,28 The coherent tunneling current is almost insensitive to temperature in high bias regime, which leads to a nonthermal broadening effect of the tunneling current. 5, 6 In general, inelastic assisting tunneling due to phonons should also be considered for a full analysis of the temperature or bias dependence. 13 It is worth noting that the NDC behavior of SCQD was also theoretically studied by several workers. 29−33 The NDC behavior of SCQD shown in Fig. 2 can be explained by the alignment of the dot energy levels 33 : the current is high when the energy levels of different dots are aligned, but is low when the alignment is off. In Ref. 33 , the authors also clearly illustrated how their NDC mechanism is different from those proposed in Refs. [29] [30] [31] [32] .
B. Charge ratchet effect
So far, we have studied the charge transport properties of a single SCQD. However, it is necessary to consider the multiple SCQDs to achieve high spin current 14 or to create spin entanglement current 34 in the spin filter application. Therefore, the proximity effect between SCQDs arising from the inter-dot hopping and electron Coulomb interactions should be included. To derive the resonant function (A ℓ,j ) of multiple SCQDs in general based on the equation-of-motion method would be quite complicated. However, in the weak interdot hopping limit, we can apply our previous work 28 to construct the resonant function, A ℓ,j of multiple SCQDs by considering interdot Coulomb interactions for all dots, 19 while keeping the interdot hopping only between levels ℓ and j. When a third dot j ′ (or a charge trap impurity state) is included, the resonant function for the 3-dot system can be written as
(11) Here the operatorsâ j ′ ,b j ′ andĉ j ′ are defined differently as in our previous work, 28 since we are considering the effects of adding a level rather than removing a level as in Ref. 28 . Operatorâ j ′ acting on the terms that follow would introduce a multiplication factor a j ′ = 1 − n j ′ ,σ − n j ′ ,σ + c j ′ and leave the denominator unchanged (corresponding to adding an empty dot j ′ ). Operatorb j ′ would introduce a multiplication factor b j ′ = b j ′ σ +b j ′σ and replace µ ℓ and µ j in the denominator by µ ℓ +U ℓ,j ′ and µ j +U j,j ′ , respectively (corresponding to adding a singly occupied dot j ′ ). Operatorĉ j ′ would introduce a multiplication factor c j ′ and replace µ ℓ and µ j in the denominator by µ ℓ + 2U ℓ,j ′ and µ j + 2U j,j ′ , respectively (corresponding to adding a doubly occupied dot j ′ ). Similarly, the effect of adding another dot j ′′ can be obtained by introducing another operator (â j ′′ +b j ′′ +ĉ j ′′ ) to obtain the expression of A ℓ,j (ǫ) for the 4-dot system. The procedure can be repeated for adding arbitrary number of dots. Figure 3 shows the tunneling current of two parallel SCQDs as a function of applied bias at k B T = 1Γ 0 for energy levels with E ℓ = E 0 = E F − 10Γ 0 ; ℓ = 1, 2, 3, 4 (symmetric case). η 1 = η 3 and η 2 = η 4 are 0.6 and 0.4, respectively. The first SCQD consists of dots 1 and 2. The second SCQD consists of dots 3 and 4 with dot 3 adjacent to dot 2, while dot 4 adjacent to dot 1. Therefore, the hopping terms t 13 and t 24 are ignored. The inter-SCQD electron Coulomb interactions are turned off in Fig. 3 . Because space symmetry is maintained, the current spectrum is symmetrical. Comparing with Fig.  2(a) , we found that there is an extra peak in the forward (reverse) bias labeled by J F 2,max (J R2,max ) resulting from the electron tunneling between SCQDs (labeled J 14 and J 23 ). The various contributions to the total tunneling current of Fig. 3(a) are shown in Figs. 3(b) and 3(c). Fig. 3(b) shows that there are two resonant channels with ε 1 + U 12 = ε 4 + U 34 and ε 1 = ε 4 + 2U 34 , where ε ℓ = E ℓ + η ℓ e∆V a . The second peak at the bias(e∆V a = 50Γ 0 ) results from electron in state E 1 tunneling to state E 4 + 2U 34 . From the electron occupation numbers (N 1 = N 3 and N 2 = N 4 ) shown in Fig. 3(d 34 is yielded. Because the SCQD is symmetric, the resonant channels under reverse bias are the same as those under forward bias. Figure 4 shows the tunneling current of two parallel SCQDs as a function of applied bias at k B T = 1Γ 0 for the asymmetric case (E 1 − E 2 = U 2 − U 12 ). Unlike the symmetrical case of Fig. 3 , the SCQD is in the spin singlet state. The maximum current labeled by J F 1,max and J R1,max are not only from intra-SCQD, but also from inter-SCQD channels. These two separate contributions are illustrated in Figs. 4(b) and 4(c) . The resonant channels at the conditions ε 1 + U 1 = ε 4 + U 4 + 2U 34 and ε 4 + U 4 = ε 1 + 2U 12 correspond to the current maxima labeled by J F 2,max and J R2,max , respectively. We note that the ratio of J R2,max /J F 2,max (due to inter-SCQD tunneling) is much larger than the ratio J R1,max /J F 1,max (due to intra-SCQD tunneling). This is attributed to the direction-dependent probability factors, which are determined by the occupation numbers shown in Fig. 4(d) . Highly asymmetric behavior of these occupation numbers is noticed. N 1 = N 3 is almost empty under high reversed bias, which leads to a large probability weight for electrons entering level E 4 (E 2 ) and tunneling through level E 1 (E 3 ). So far, we have not taken into account the inter-SCQD Coulomb interactions in Figs. (3) and (4) . In a realistic system with two parallel SCQDs, the inter-SCQD electron Coulomb interactions will significantly influence the current spectrum. Figure 5 shows the effects due to the presence of inter-SCQD Coulomb interactions. Here, we consider U 13 = U 24 = 5Γ 0 and U 14 = U 23 = 3Γ 0 . The current rectification in the low bias regime (e∆V a ≤ 12Γ 0 ) which exists for isolated SCQD is now completely washed out, because the resonant condition of E 1 + U 12 = E 2 + U 2 no longer holds. In addition, the current spectrum is seriously suppressed under the reverse bias. Now, the maximum currents J F 1,max and J F 2,max result from the channels ε 1 +U 12 +U 14 = ε 4 +U 4 +U 24 and ε 1 +U 1 = ε 4 +U 4 +U 34 . The occupation numbers are shown in Fig. 5(d) , which are useful for the analysis of charge state in each QD. The results of Fig. 5 imply that to control the spin charge configuration of multiple SCQDs, the proximity effect should be carefully taken into account.
Recently, Si SCQDs attract serious attention for quantum bit applications due to their small nuclear-electron spin interaction. 21, 22 Although Si SCQDs may have a longer spin relaxation time, two issues need to be addressed: (i) The multi-valleyed nature of the Si conduction band leads to several closely spaced energy levels in a Si QD. For a spherical Si QD, the six degenerate valleys can be mixed by the confining potential to form A 1 -symmetry (1 fold), T 2 -symmetry (3-fold) and E-symmetry (2-fold) states. The degeneracies may be further lifted by any deviation from the spherical shape.
(ii) The presence of defect charge trap states in the oxide surrounding of Si QDs. In order to understand how these two issues influence the current rectification, one needs to calculate the resonant function of SCQD with closely spaced multiple energy levels. Here, we consider a SCQD with two energy levels per dot (E 1 and E 3 in dot 1 and E 2 and E 4 in dot 2). Figure 6 shows the tunneling current at k B T = 1Γ 0 as a function of applied bias for various values of of E 3 . When E 3 and E 4 are above and far away from E F , the current rectification of SCQD is not affected [as shown in 6(a)], because these levels are unoccupied for all applied voltages considered. When E 3 is within a couple of Γ 0 from E F , there exist several peaks in the high bias regime as labeled by J F 2,max , J R2,max , and J F 3,max . Note that E 3 is still above E F , and the ratio J R1,max /J F 1,max is changed only slightly. Meanwhile, the voltages corresponding to the maximum current, J F 1,max and J R1,max are also nearly unchanged and stay close to 2Γ 0 and −2.5Γ 0 . When E 3 = E F − Γ 0 , a shoulder labeled J R2,max appears near the first peak J R1,max under reverse bias. The voltage corresponding to maximum current, J R1,max is shifted to high voltage (−3Γ 0 ) as a result of the charge ratchet effect due to levels 3 and 4 (the asymmetrical behavior of N 3 and N 4 not shown here). The resonant channels of the current spectrum shown in Fig. 6 (c) can be analyzed as follows: The resonant peaks labeled J F 1,max and J R1,max arise from electrons tunneling between level E 1 and E 2 . Electrons tunneling between levels E 3 and E 4 give rise to the peak labeled by J F 3,max . Peaks labeled by J F 2,max and J R2,max arise from electron tunneling between levels E 3 and E 2 . The analysis of Fig. 6 infers that the Pauli spin blockade condition of the Si SCQD 21, 22 and the spin entanglement current of triple quantum dots 34 may not be readily implemented due to the fluctuations of electron Coulomb interactions and energy levels in each QD.
C. Thermoelectric properties
In this section, we examine the effect of spin blockade on the thermoelectric properties of SCQDs. To realize the resonant condition in the Pauli spin blockade regime in a SCQD junction can be challenging due to size fluctuation of QDs and uncertain distances between the fabricated QDs. In general, gate electrodes are used to tune the energy level of each QD to help realize the resonant condition. Figure 7 shows (a) the electrical conductance (G e ) and (b) Seebeck coefficient (S) of SCQD with E 1 = E F − 10Γ 0 and E 2 = E F + 20Γ 0 − eV g as functions of gate voltage and temperature. The gate voltage is applied only to dot B. In Fig. 7(a) , the four gate voltages V g1 , V g2 V g3 , and V g4 tune the energy level of dot B (E 2 ) to E F , E F −U 12 , E F −U 2 and E F −U 2 −U 12 , respectively to match different resonant channels for the electron entering through E 1 + U 12 . The temperature dependence of the peaks at V g2 and V g3 displays a nonthermal broadening effect on the electrical conductance. These two peaks correspond to the resonances for the spin-triplet (at eV g = 30Γ 0 ) spin-singlet (at eV g = 50Γ 0 ) states, re-spectively. It is worth noting that the magnitude of G e is much smaller than 2e 2 /h, which manifests the effect of electron Coulomb interactions. In the absence of electron Coulomb interactions we would have G e = 2e
2 /h, because the sum of probability weights of resonant channels would equal to one. The peak heights of these resonances decrease with increasing temperature, while the widths are not sensitive to temperature. This behavior was first reported in the tunneling current measurement of SCQD in Refs. 5 and 6. Theoretical work for the nonthermal broadening of G e was previously investigated only for the noninteracting system. 35 A simple explanation for the nonthermal broadening effect is that the broadening of the tunneling current under the double-resonance condition is determined by the smaller-scale tunneling rates Γ 1,2 and interdot coupling t 12 , therefore is not sensitive to the larger-scale temperature variation in the distribution functions f L,R . The nonthermal broadening behavior of G e can be useful in the application for low-temperature current filtering. Our results demonstrate that a SCQD can function as a spin filter and low-temperature current filter at the same time. The two tiny peaks labeled by V g1 and V g4 may not be resolved in the measurement of electrical conductance G e . However, they can be resolved in the measurement of Seebeck coefficient S as illustrated in Fig. 7(b) . In addition, the Seebeck coefficient also shows a sign change with respect to applied gate voltage near the resonances, which arises from the bipolar effect, as shall be explained in details below. The inhomogeneous shape of S is very different from the symmetrical sawtooth shape for a single metallic QD.
26
In Ref. 24 , the electrical conductance G e and Seebeck coefficient S of a single QD with two energy levels were theoretically investigated. In the case of two identical quantum dots coupled together, Eq. (2) can also be used to reveal the behavior of G e and S. Figure 8 shows (a) G e and (b) S of a SCQD with E 1 = E 2 = E F − 10Γ 0 (symmetric case) as functions of gate voltage (applied to both dots) and temperature. In Fig. 8(a) , the four gate voltages V g1 , V g2 V g3 , and V g4 tune the energy levels of both dots (E 1 = E 2 ) to E F , E F − U 12 , E F − U 2 and E F − U 2 − U 12 , while the SCQD is filled with one, two (quantum dot"helium" case), three, and four electrons, respectively. These peaks become broadened with increasing temperature, unlike in the asymmetric case of Fig. 7 . The results of Fig. 8(a) are similar to the typical thermal broadening behavior of a single dot with multiple energy levels. 24 It is noticed that S goes through zero when G e reaches a maximum or minimum (which occurs midway between two G e peaks). The positions of zero S are not affected by the temperature variation. Such a behavior is different from that of Fig. 7(b) . In addition, the shape of S is also different from the sawtooth shape of metallic QDs with homogenous electron Coulomb interactions. We note that G e and S in the symmetric case (Fig. 8) are larger than that of asymmetric case (Fig. 7) . The above analysis should be useful for the optimization of the figure of merit for thermoelectric property.
23,24 Figure 9 shows the electrical conductance G e and Seebeck coefficient S as a function of temperature for two arrangements of SCQDs: (a) asymmetric case with E 1 − E 2 = U 2 − U 12 (solid lines) and (b) symmetric case with E 1 = E 2 = E F − 10Γ 0 (dashed lines). Based on Eq. (3), these two cases denote the spin singlet [inset of Fig.  9(a) ] and triplet states [inset of Fig. 9(b) ], respectively. It is not easy to distinguish the singlet and triplet states from the electrical conductance as a function of temperature, because the electrical conductance difference in singlet and triplet states is small. However, the Seebeck coefficient provides an easy means to distinguish the spin singlet and triplet states, since the sign of Seebeck coefficient changes for the spin triplet state as temperature increases, but for the spin singlet state, the Seebeck coefficient is always negative, because the electrons from the left electrode (hot side) diffuse into the right electrode (cold side) through the resonant channels above the Fermi energy, which leads to the built-up of negative ∆V in order to reach the J = 0 condition for open circuit. Note that the resonant channel of E 1 + U 12 = E 2 + U 2 has no contribution to the Seebeck coefficient (L 12 = 0). For the spin triplet state, zero Seebeck coefficient occurs at T 0 , i.e. S(T 0 ) = 0, which indicates that the current arising from temperature gradient can be self-balanced without electrochemical potential (∆V = 0). On the other hand, the Seebeck coefficient is positive when the holes from the left electrode (hot side) diffuse into the right electrode (cold side) via the resonant channels below E F . Here, we have defined the unoccupied states below E F as holes. Consequently, the sign change in S is attributed to the competition between tunneling currents due to electrons and holes (so-called bipolar effect). This implies that we can control the current direction by manipulating the equilibrium temperature. In addition, we can distinguish the spin singlet and triplet states by measuring the temperature dependence of the Seebeck coefficient.
IV. SUMMARY
We have used a two-level Anderson model to describe a SCQD connected to metallic electrodes and calculated the tunneling current within the framework of nonequilibrium Green's function technique. In the Coulomb blockade regime, we have derived a closed-form expression for tunneling current. In the nonlinear response regime, the electron spin singlet and triplet states can be distinguished by the current rectification behavior arising from the space symmetry breaking, whereas such a current rectification effect in the spin blockade process is suppressed with increasing temperature. We have also studied the proximity effect between two parallel SCQDs and analyzed how the charge trapping states influence the current rectification of SCQD. In the linear response regime, the electrical conductance G e and Seebeck coefficient S are analyzed. It is not easy to distinguish G e due to transport through the spin singlet or triplet states from its temperature behavior. However, the temperature dependence of Seebeck coefficient can clearly reveal the spin configuration by examining the sign of S. For example, we observe a sign change in S for electron transport through the spin triplet states, while S is always negative for transport through the spin singlet state. Thus, we conclude that the measurement of Seebeck coefficient provides a much better means for resolving the resonant channels than measuring the electrical conductance. In addition, we see a nonthermal broadening effect of tunneling current for the spin blockade process. This indicates that SCQD can simultaneously act as the spin filter and low-temperature current filter.
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Appendix A.
The expression of the tunneling current through serially coupled quantum dots (SCQD) is derived based on the seminal work by Meir and Wingreen 7 . J L and J R denote, respectively, the tunneling current of electrons leaving the left and right electrodes, which are expressed by
and
According to expressions of Eqs. (A.1) and (A.2), tunneling current is determined by the on-site retarded and lesser Green's functions (GFs). Note that we consider the SCQD system to be spin degenerate, thus have suppressed the spin index for convenience. Here G r ℓ,j (t) ≡ −iθ(t) {d ℓ,σ (t), d † j,σ } and its Fourier transform G r ℓ,j (ǫ) = d ℓ,σ |d † j,σ denote the one-particle GF. It is nontrivial to obtain an exact solution of G r ℓ,j (ǫ) for the system Hamiltonian when the coupling with leads is present.
14 We solve the on-site retarded and lesser GFs in the Coulomb blockade regime. One-particle GF G r ℓ,j (ǫ) can be obtained by solving a closed set of equations of motion. For coupled QDs, it is convenient to define vector GFs as
, and
, where the superscripts denote the number of particles involved, and we have de-
.σ denotes the opposite of spin σ.
From Eq. (1) we obtain the equations of motion that relate G (1) to G (2) 's, then to G (3) 's, and finally to G (4) , which self-terminates. The one-particle GFs satisfy
where we have defined H 0 = µ 1 −t 12 −t 12 µ 2 ,
GFs satisfy
12 − G
21 ) +ŨG
21 ) + UG
3 + U12G
2 , (A.5)
1 +Ũ G
2 , (A.6)
12 , (A.7)
21 , (A. 8) where ∆ǫ = E 2 − E 1 and U ′ = U 2 0 0 −U 1 .
The three-particle GFs satisfy
1 − G
2 ), (A.12)
2 ), (A. 13) where we have defined the c-numbers c i = n i,σ n i,σ , and c iσ,i ′ σ ′ = n iσ n i ′ σ ′ ; i, i ′ = 1, 2, 12, 21. Finally, the four-particle GFs satisfy
. (A.14)
From Eqs. (A.4) and (A.5), we see that the terms G 2 , while those off-diagonal expectation values such as n 12σ that are of the first order in t 12 in Eq. (A.6) give a correction of t 12 /U ; thus, these terms can be ignored in the limit of small t 12 /U . If we further make the approximation n 2σ n 2σ n 1σ = c 2 N 1σ (valid again in weak interdot coupling case), then the one-particle GFs can be written in simple closed forms.
From Eqs. (A.3-14) , we found that the one-particle retarded GF can be simply decomposed into a sum of contributions from eight spin-charge configurations of the SCQD system in the condition of t 12 /U ℓ ≪ 1 (after ignoring those small contributions proportional to t 12 /U .). It reads 15) where P m = p m 0 ; p m 's are probability weights defined in Eq. (3). The intradot one-particle and twoparticle retarded GFs are given by
The index j denotes the jth QD, and j = ℓ in Eqs. (A.16) and (A.17).
Here we shall derive the one-particle lesser GFs G and treating the coupling to the electrodes to lowest order 8,28 , we can readily obtain a closed set of equations of motion: The one-particle lesser GFs satisfy
, (A. 18) where we define in 2 × 2 matrix form Σ < = Σ
with Σ < α = iΓ α (ǫ)f α (ǫ) for α = 1, 2 and one-particle advanced GF vectors G a(1) in Eq. (A.18). The twoparticle lesser GFs satisfy
The three-particle lesser GFs satisfy
The four-particle lesser GFs satisfy
The approximations made here conform to those at deriving the retarded GFs in the weak t 12 limit. Similarly, we found that the lesser GFs can equally be decomposed into a sum of contributions. It reads
Straightforward algebra leads to
we can symmetrize the current as
where we define the transmission factor 
for U ℓ ≫ Γ ℓ . It can be readily checked that our result is identical to Yuan et al's work if we turn off interdot Coulomb interactions. Fig. 1 . Tunneling current as a function of applied bias for the variation of U 12 at temperature k B T = 1Γ 0 , and Γ L = Γ R = 0.5Γ. E 1 = E F − 10Γ 0 and E 2 = E F − 30Γ 0 . J 0 = 2 × 10 −3 eΓ 0 /h). Other physical parameters Γ L = Γ R = 0.5Γ 0 , and t 12 = 0.1Γ 0 . Fig. 2 . Tunneling current as a function of applied bias for different temperatures. (a) E 1 = E 2 = E F − 10Γ 0 (space symmetrical case), and (b) E 1 = E F − 10Γ 0 and E 2 = E F − 30Γ 0 (space symmetry breaking). Other physical parameters are the same as the black line of Fig.  1 . Fig. 3 . Tunneling current as a function of applied bias at k B T = 1Γ 0 in the absence of inter-SCQD electron Coulomb interactions. t 12 = t 34 = 0.025Γ 0 and t 14 = t 32 = 0.01Γ 0 . Γ L = Γ R = 0.5Γ 0 . E ℓ = E F − 10Γ 0 , U ℓ = 30Γ 0 . and U 12 = U 34 = 10Γ 0 . Fig. 4 . Tunneling current as a function of applied bias at k B T = 1Γ 0 in the absence of inter-SCQD electron Coulomb interactions. E 1 = E 3 = E F − 10Γ 0 , and E 2 = E 4 = E F −30Γ 0 . Other physical parameters are the same as Fig. 3 . Fig. 5 . Tunneling current as a function of applied bias at k B T = 1Γ 0 in the presence of inter-SCQD electron Coulomb interactions. U 14 = U 32 = 3Γ 0 and U 13 = U 24 = 5Γ 0 Other physical parameters are the same as Fig. 4 . Fig. 6 . Tunneling current as a function of applied bias for different energy levels of E 3 at E 4 = E F + 10Γ 0 and k B T = 1Γ 0 for the SCQD with two energy levels per dot (E 1 and E 3 in dot 1 and E 2 and E 4 in dot 2). Other physical parameters are the same as Fig. 5 . Fig. 7. (a) Electrical conductance G e and (b) Seebeck coefficient S of the SCQD with E 1 = E F − 10Γ 0 and E 2 = E F + 20Γ 0 − eV g as functions of gate voltage for various temperatures. Other physical parameters are the same as the black line of Fig. 1 . Fig. 8 . The electrical conductance G e and Seebeck coefficient S as a function of gate voltage for different temperatures at E 1 = E 2 = E 0 = E F + 20Γ 0 − eV g . Other physical parameters are the same as the black line of Fig. 1 . Fig. 9 . The electrical conductance G e and Seebeck coefficient S as a function of temperature for the spin triplet states (dashed lines) and spin singlet state (solid lines). For dashed lines, the SCQD is spatially symmetric (triplet state) with E 1 = E 2 = E F − 10Γ 0 . For solid lines the SCQD is spatially asymmetric (singlet state) with E 1 = E F − 10Γ 0 and E 2 = E F − 30Γ 0 . Here U 12 = 10Γ 0 . 
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